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A comparison of failure predictions by 
strength and fracture mechanics techniques 

B. J. P L E T K A * , S .  M. Wl EDERHORN 
National Bureau of Standards, Washington, D. C., 20234, USA 

Predictions of lifetime under load were made for five ceramic materials using strength and 
fracture mechanics techniques. The double-torsion technique was used to obtain 
fracture mechanics data, while the stressing-rate technique was used to obtain strength 
data. An error analysis based on the error propagation law was performed to determine 
confidence limits for the failure predictions. Agreement of lifetime predictions by the 
stressing-rate and fracture mechanics techniques were obtained for only two of the 
materials. The implications of these results with regard to microstructural effects on crack 
propagation and design applications are discussed. 

1.  I n t r o d u c t i o n  

The ultilization of ceramic materials in structural 
applications is often hampered by the inherent 
brittle nature of  these materials, which results in 
a substantial variability in strength, and a time 
dependence in strength known as static fatigue. 
Although it has been recognized for many years 
that these effects of  brittle behaviour are due to 
small cracks or other flaws normally present in 
ceramic materials, design techniques have been 
developed only recently to improve the structural 
reliability of these materials. 

Design methods for ceramic materials are based 
on the premise that failure results from the growth 
of cracks that are present either in the surface or 
volume of the material. When one of the growing 
cracks reaches a critical size, failure is almost 
instantaneous. The strength of the ceramic is 
determined primarily by the initial size and shape 
of the crack that causes failure. Consequently, the 
scatter that is observed in the strength of ceramics 
is due to the scatter in the size and shape of the 
initial cracks present in the ceramic, and the time 
required for a component to fail when subjected 
to a load is the time necessary for a crack to grow 
from the initial size to the final critical size. 

Techniques of predicting the strength of 
ceramic materials are based on the theory of 

fracture mechanics [1-4].  This theory provides a 
means of characterizing the stress field in the 
vicinity of  a crack tip and thus the driving force 
for crack growth. Using the theories of  fracture 
mechanics, the conditions for both crack growth 
and critical crack size can be established. The 
theory also relates these conditions to experimental 
parameters that can be obtained by standard 
experimental techniques for measuring strength 
or crack growth rates. With regard to failure 
prediction, the main consequence of fracture 
mechanics theory is that the lifetime under load 
can be predicted from two sets of experimental 
parameters: one that characterizes the crack 
growth; the other that characterizes the initial 
size of the cracks that cause failure. 

Measurements that are used to characterize 
crack growth rates are conducted on laboratory 
specimens that have the same chemical compo- 
sition and microstructure as the components. A 
basic assumption of the theory used for design 
is that for a given environment the crack growth 
parameters determined from such measurements 
depend only on composition and microstructure, 
but not on the type of measurement used to 
determine the crack growth parameters. The 
main objective of  this paper is to present the 
results of a study to test this assumption. It is 
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shown that the assumption is a weak link in the 
theory, and that crack growth parameters deter- 
mined by different techniques can differ substan- 
tiaUy. Consequences of this finding are discussed 
with regard to lifetime predictions for ceramic 
materials. 

2. Theoretical background 
Parameters used to characterize subcritical crack 
growth in ceramic materials can be evaluated 
either by direct crack-velocity measurement 
techniques, or by strength measurement techniques 
[5, 6]. Regardless of which technique is used, it is 
commonly found that the crack velocity, v, can be 
expressed as a power function of the applied stress 
intensity factor, KI: 

v = v o ( K a / K o )  n, (1) 

where Vo and n are environmentally dependent  
materials constants, and Ko is an arbitrary constant 
used to normalize KI*. K I is defined in terms of 
the applied stress o and the crack length, a: KI = 
oYx /a ,  where Y is a constant determined by the 
geometry of the crack. 

By assuming that failure is due to subcritical 
crack growth from a pre-existing flaw, the time to 
failure, t, can be calculated for a component 
subjected to a constant applied stress, e a [2, 4]: 

t = B S i n - 2 o a  n , (2) 

where S i is the initial strength and B is a constant, 
Si is defined in terms of the size, ai, of the critical 
flaw that causes failure: 

Si = K i c / ( Y x / a l ) ,  (3) 

where Kic is the critical stress intensity factor, a 
materials constant that defines the value of KI at 
which the crack velocity increases precipitously as 
the crack grows larger. The value of the constant Y 
ranges from x/Tr for a two-dimensional through- 
crack to (4/7r) v2 for a penny-shaped crack. The 
strength, Si, can be measured experimentally by 
loading the component to failure in such a way 
that subcritical crack growth does not occur 
during the fracture test. Measurement of Si is 
usually done in an inert environment using rapid 
loading rates to minimize subcritical crack growth 
before failure. 

The constant, B, in Equation 2 can be  evalu- 
ated experimentally, either by using fracture 

mechanics techniques, or by using strength 
measurement techniques. As shown by the follow- 
ing equation, the constant B can be expressed 
solely in terms of constants determined by fracture 
mechanics experiments [4, 7]: 

B = (2Kg)/[Vo y2 (n -- 2)K~c- 2 ],  (4) 

where each of the above terms has already been 
defined. Thus the constant B depends on n and 
Vo, which are determined from crack growth 
studies, and on Kic, which is evaluated from 
fracture toughness measurements. 

The constants B and n can also be determined 
from experiments in which the time to failure of 
a set of laboratory specimens is measured as a 
function of applied stress, %. Expressing Equation 
2 in logarithmic form, 

In t = In (B Sin-2) -- n In Oa, (5) 

where n is evaluated from the slope of a plot of log 
t against In oa, while B is evaluated from the inter- 
cept of such a plot. The strength, Si, is determined 
from a separate set of strength measurements. To 
fit Equation 5 to a set of experimental data, 
median or mean values of Si, t and Oa are usually 
used. 

The constants B and n can also be determined 
from constant stressing-rate experiments. In this 
type of experiment, the breaking stress, of, of a set 
of components is determined as a function of the 
stressing rate, 6. An analysis of this type of 
experiment yields the following relationship 
between these two variables [4, 6, 7] : 

In of = ( n +  1) -1 In [ B ( n +  1)Si n-2] 

+ (n + 1) -1 In d. (6) 

The constant n is evaluated from the slope of a 
logarithmic plot of  af against d, while B is evaluated 
from the intercept of  such a plot. Again, Si is 
determined in a separate set of experiments, and 
median or mean values of of and Si are used to fit 
Equation 6 to the experimental data. 

Once n and B have been evaluated, they can be 
substituted into Equation 2 to estimate the failure 
time. For practical applications, n and B are 
evaluated on laboratory test specimens, The values 
of n and B should not depend on the experimental 
technique used for their evaluation, provided they 
are, in fact, material-environment constants. 
Furthermore, the failure time calculated from 

*In the present study, the value assigned to K o was 1 Pam 1/~ . 
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Equation 2 should not depend on the technique 
used to evaluate n and B. At present, some exper- 
imental data support the assumption that the 
propagation of  large flaws in fracture mechanics 
specimens and small flaws in strength specimens 
are equivalent [8 -14] ,  while other experimental 
data do not support this assumption [12, 13, 15]. 
In this paper, an evaluation of  these failure predic- 
tion theories for five ceramic materials was under- 
taken using both fracture mechanics and strength 
measurement techniques. The intent of  this study 
was to test the limits of  the theory and to suggest 
guidelines for the implementation of  the theory 
for purposes of  lifetime prediction. 

A useful graphical method of  comparing 
failure-time predictions based on values of  n and B 
determined by different experimental techniques 
can be obtained by a slight modification of  
Equation 2. Rearranging the equation and express- 
ing it in logarithmic form, * 

in (t a2a) = In B + (n --  2) In (S/%), (7) 

a modified failure time, tO2a, is expressed as a 
function of  the ratio o f  the initial strength to the 
applied stress, S /%.  The intercept of  this equation 
is given by In B while the slope is given by (n --  2). 
This type of  representation of  static fatigue data is 
useful for comparing data collected on different 
kinds of  materials, or for comparing different 
techniques used to collect static fatigue data on a 
single material. In this paper, Equation 7 is used 
for the latter purpose. 

3. Experimental procedure 
Crack growth parameters B and n were evaluated 
for five different ceramic materials using both 
constant stressing-rate and fracture mechanics 
techniques. Lifetime predictions based on these 
measurement techniques were compared using 
Equation 7. The ceramics studied were: an ultra- 
low expansion glass (C7971); two glass-ceramic 
(Pyroceram C9606 and Cervit 126) and two grades 
of  high-density aluminium oxide (Wesgo A1-300, 

9/~m and 18gm grair size).* The Cervit 126 was 
obtained from Keopke and is the same material 
used by him in an earlier fracture study [16]. 

Fracture mechanics data were collected using 
double torsion specimens that were 2 m m  by 
2 5 m m  by 75ram [ 1 7 - 1 9 ] .  To control the 
direction of  crack growth, a side groove approx- 
imately 2 mm wide and 1 mm deep was ground 
parallel to the longest dimension of  the specimen, 
along the specimen mid-plane. A majority of  
tests were conducted with the groove on the 
tensile surface of  the specimen. Crack velocity 
data were obtained using the load relaxation 
method on specimens that were precracked and 
tested in distilled water. Usually, several relaxation 
runs were made on each specimen. Values o f n  and 
In Vo (Equation 1) were obtained from a linear 
regression analysis o f  InK I upon In v for each load 
relaxation measurement;this procedure minimized 
the error in in KI. Because extraneous effects can 
occur with the double-torsion technique (e.g. load 
relaxation not due to crack growth; intersection of  
the crack with the side-wall o f  the groove), the 
experimental precautions outlined in [17] were 
followed scrupulously in this investigation. 

Measurements of  the fracture toughness, Kic,  
were also made using double-torsion specimens. To 
avoid subcritical crack growth as a result of  water 
at the crack tip, all specimens were placed in an 
oven at 100 ~ C for a period of  approximately 20 h 
prior to testing, and tests were conducted in an 
enclosed chamber through which dry N2 was 
passed for at least 15 min prior to testing. The load 
was applied at a constant, cross-head speed in the 
range 0.2 to 0.5 cm min -1 . The peak load was used 
to evaluate KIC. 

With the exception of  Cervit 126, strength 
measurements were made using both the four- 
point bending technique and a biaxial bending 
technique developed originally by Wachtman 
et al. [20].  The Cervit 126 glass-ceramic was 
tested using only the biaxial tension technique. 

Four-point bend specimens for the Pyroceram 

*Equation 7 is an approximation which holds as long as (S/aa) n-2 >> 1. In the more complete expression (n -- 2) In S / a  a 

In [ ( S / a a )  n - 2  - -  l]. For most practical applications, Equation 7 (and Equation 2) are adequate for purposes of lifetime 
predictions. Note that the subscript i has been dropped from the initial strength In Equation 7. S i is used to identify 
initial strengths in laboratory experiments which are used to evaluate B and n. S i is measured in the laboratory by 
destructive testing. The Inert strength of components that are to be used for engineering applications have to be 
measured by other means. Hence, the two inert strengths have to be identified separately. Predictive equations In this 
paper use S without subscript i to identify the inert strength of engineerIng components. 

*The use ~ of these commercial designations is for identification purposes only and does not indicate endorsement by 
the National Bureau of Standards. 
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and the 18 pm aluminium oxide were made from 
the same billets as the double-torsion specimens, 
whereas specimens for the glass and the 9pro 
aluminium oxide were made from the double- 
torsion specimens after they had been tested. 
Although the strength specimens varied somewhat 
in dimensions, all were tested in distilled water on 
a fixture with 50mm outer span and a 10mm 
inner span. As a final step in the machining process, 
a 400 mesh diamond-grit grinding wheel was used 
to produce a uniform surface finish on all four- 
point bend specimens. 

Fracture strength measurements were made at 
five different stressing rates (a decade apart), 
except for the Pyroceram for which seven stressing 
rates were used. For all materials studied, at least 
10 specimens were broken at each stressing rate. 
Specimens used to determine the inert strengths 
were dried in a manner that was identical to that 
used for the double-torsion specimens, and were 
fractured at the highest stressing rate used for 
specimens tested in water. 

Biaxial tension strength measurements were 
made on all materials used in this study. Specimens 
were discs 1 to 1.5 mm thick and approximately 
32 mm in diameter. They were cut from the same 
billets as the fracture mechanics specimens, and 
with the exception of the glass, were ground with 
a 400 mesh diamond wheel. Polished specimens 
were used for the glass. Discs were supported on 
three spherical steel bearings, equi-spaced on a 
12.7mm radius, and were centre loaded by a 
1.6 mm diameter ram. Test procedures for the discs 
were identical to those used for the four-point 
bend specimens. The constant stressing-rate 
experiments were conducted in distilled water, 
while inert strength measurements were conducted 
in a flowing stream of dry nitrogen. 

To determine the values of the constants used 
in Equation 7, a linear regression analysis was 
applied both to the crack growth data, and to the 
strength data. For the crack growth data, n and 

TABLE I Fracture mechanics measurements 

in Vo were evaluated for each run by a linear 
regression of In KI upon In v. Since several crack 
velocity curves were obtained for each specimen, 
the n and In Vo used to characterize each curve 
were treated as statistically independently deter- 
mined constants. For each material tested, an 
average value of n and lnvo ((n), (lnvo)) was 
determined from the values obtained from each 
experimental curve. These average values were 
assumed to be the best estimate of n and In v0. 
As shown in the Appendix, the average values of 
n and In Vo were used to evaluate the variance and 
covariance of n and In v0. These estimates of the 
variance and covariance were used to establish 
95% confidence limits for Equation 7, thus 
facilitating intertest comparisons for a given 
material. 

Strength measurement data were treated some- 
what differently from crack velocity data. For 
each stressing rate, 6, the median value of the 
breaking stress, go, was determined. A linear 
regression analysis of In oe upon In 6 was then 
used to obtain an estimate of n, In B, the variance 
of n and In B, and the covariance of n and in B 
[coy (n, In B)]. As with the crack propagation 
studies, these statistical parameters were used to 
establish 95 % confidence limits for Equation 7. 

4. Results 
4.1. Fracture mechanics measurements 
Data summarizing the crack growth behaviour and 
fracture toughness of each material are presented 
in Table I of this paper. The variance of (n) and 
(ln Vo ) are included in Table AI of the Appendix. 

The crack growth data for the ultra-low expan- 
sion glass were obtained earlier, primarily by the 
double-cantilever beam technique [8]. Since data 
on the other materials shown in Table I were 
obtained by the double-torsion technique, 
additional measurements were made on the ultra- 
low-expansion glass to assure ourselves that the 
data from these two techniques were in fact 

Material n In v o KIC 
(MPa m 1/2 ) 

Ultra-low-expansion glass (C7971) 
Pyroceram glass-ceramic (C9606) 
Cervit 126 glass-ceramic 
9t~m A12 03 
18~m A1203 

35.0 (1.9)* --470 0.70 (0.03) 
83.5 (6.8) -- 1224 2.32 (0.10) 
45.5 (10.2) --625 0.90 (0.08) 

104.1 (18.8) -- 1583 4.35 (0.22) 
111.3 (21.9) --1724 6.81 (0.32) 

*The numbers in parentheses are the standard deviation. Other statistical parameters are listed in Table AI in the 
Appendix. 
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compatiable for this glass. Two load relaxation 
experiments (by the double-torsion technique) on 
the ultra-low-expansion glass yielded values of 
36.0 and 32.2 for n. Since these values o fn  agreed 
with the average value of 35.4 obtained by the 
double-cantilever technique, they were pooled 
with the earlier set of  data to give the values 
shown in Table I. 

Typical crack velocity data on the glass ceramics 
(Pyroceram; Cervit 126) show a systematic shift of 
the crack velocity curves to lower values of K z as 
the crack length increases (Fig. 1). This dependence 
of the v-Ki  curves on crack length is supported by 
a preliminary experimental study of these materials 
[21], by a three-dimensional finite-element 
analysis of the double-torsion technique [22] and 
by other experimental studies [17, 23]. The data 
collected by the double-torsion technique were 
taken from specimens that contained crack lengths 
that were greater than the width of the specimen, 
> 25 mm, to avoid anomalous effects (high values of 
n and large systematic shifts in/s that have been 
reported for this technique [17]. Despite these 
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Figure 1 Crack velocity as a function of applied stress 
intensity factor for five stress relaxation experiments 
(identified in upper left of figure) on the same Pyroceram 
glass-ceramic specimen. 

Figure 2 Crack velocity as a function of applied stress 
intensity factor for three stress relaxation experiments 
(identified in upper left of figure) on the same 9pm 
grain-size alumina specimen. 

precautions, a small systematic shift in the crack 
velocity curve to lower values of KI was observed 
in our study. This procedure of restricting our 
study to cracks that were greater than 25 mm did, 
however, reduce the scatter of the v-Ki  data and 
avoid the inclusion of unusually high values of n 
in the data pool. Crack propagation studies on the 
fine-grain (9pm) aluminium oxide ceramic indi- 
cated that the fracture behaviour of this material 
was very similar to that of the glass-ceramics. 
Again, systematic shifts in the v-K1 curves to 
lower values of KI were observed as the crack 
length increased (Fig. 2). 

In contrast to the other materials used in this 
study, considerable difficulty was encountered in 
the collection of crack growth data on the large- 
grained (18pm) aluminium oxide. Cracks in this 
material often propagated into the wall of the side 
groove where they became trapped. This behaviour 
resulted in anomalous crack propagation curves 
which appeared to approach a fatigue limit at high 
values of Ki. The data clearly did not represent the 
crack propagation behaviour of the material under 
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study. To obtain representative crack growth data 
on the large-grained aluminium oxide, each speci- 
men was examined by optical microscopy after 
each run to determine whether the crack had 
intersected the wall of  the side groove during crack 
growth. Table I contains only those sets of  data 
that were obtained from specimens in which the 
crack did not intersect the wall of  the side groove. 
In gent;ral, crack propagation data that were accept- 
able exhibited a substantial relaxation of  the load 
during the crack growth study. 

The anomolous behaviour of  the large-grain 
aluminium oxide is undoubtedly related to the 
meandering nature of  the crack path in this 
material. As can be seen in Fig. 3d, cracks followed 
a much more tortuous path in the large-grained 
aluminium oxide than in the other materials 
studied. This behaviour is probably the result of  

a strong interaction between the crack front and 
the microstructure of  this material. The large grains 
of  aluminium oxide can apparently cause large 
deviations in the crack propagation direction, 
which results in frequent intersection of  the crack 
with the walls of  the groove. Examination of  the 
crack paths of  the other materials used in this 
study, see Fig. 3a to c, indicates a similar meander- 
ing behaviour of  the crack path. However, because 
of  the small grain size in these materials, the crack 
path approximates a straight line and, as a conse- 

quence, crack intersection with the walls of  the 
groove was not a problem.* 

4 .2 .  S t r e n g t h  m e a s u r e m e n t s  
Measurements of  the breaking stress as a function 
o f  stressing rate were conducted using both four- 
point bending and biaxial tension strength measure- 

Figure 3 Optical micrographs of 
crack morphology for the lead- 
ing crack edge in (a) Cervit 126 
glass-ceramic, (b) Pyroceram 
glass-ceramic, (c) 9 t~m grain-size 
alumina and (d) 18 ~m grain- 
size alumina. Arrow indicates 
crack propagation direction. 

*It is worth noting that crack intersection with the walls of the groove could have occurred in any of the materials 
studied. Provided the specimen is well-aligned in the test fixture, intersection of the crack with the groove walls is much 
less likely if the crack is straight. In an earlier study on Pyroceram [21], the crack branching and crack arrest that was 
reported was in fact the result of intersections with the walls of the side groove. This fact was only recognized after 
publication of the earlier paper. 
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ment  techniques. The types of  data obtained in 
these studies are illustrated in Figs 4 and 5. The 
error bars for these data represent 95 % confidence 

limits for each stressing rate. 
In general, the data can be represented by a 

straight line on a logarithmic plot o f  breaking 
stress as a function of  stressing rate. The quality 
of  the fit to the straight line depends on the 
material tested and the type of  strength test 
employed (i.e. four-point bend or biaxial tension). 

Of the materials studied, the 18/am aluminium 
oxide data seemed to give the best fit to a straight 
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TABLE I I  Summary of crack propagation data determined 

Material n In trfo S i 
(MPa) 
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Figure 5 Fracture strength as a function of stressing rate 
for 18 um grain-size alumina in distilled water at room 
temperature. Bars represent 95 % confidence limits. 

line. For  this material,  the deviation about the mean 
breaking stress was approximately 3 % for each 
breaking stress. By contrast,  the Pyroceram gave the 
poorest fit to a straight line. The scatter of  the data 
about the regression line, and the standard deviation 
of  the breaking stress (5 to 10 % of  the mean) were 
both  larger for the Pyroceram than for the 18pm 

aluminium oxide. Data from the other materials 
fell within the range represented by  Figs 4 and 5. 

A summary of  the data obtained from the 
stressing-rate experiments is presented in Tables 
II and III, which give the linear regression coef- 

from biaxial strength measurements 

Ultra-low-expansion glass (C7971) 26.9 (3.6)* 18.238 230.1 (38.3) 
Pyroceram glass-ceramic (C9606) 46.3 (6.4) 18.440 195.7 (12.6) 
Cervit 126 glass-ceramic 32.9 (2.3) 17.954 126.7 (4.2) 
9~m A1203 33.8 (1.7) 18.9t6 380.6 (16.7) 
18#m AI~O 3 34.5 (4.1) 18.668 296.6 (15.8) 

*The numbers in parentheses are the standard error for n and the standard deviation for S i. Other statistical para- 
meters are listed in Table All in the Appendix. 

TA B LE III  Summary of crack propagation data determined from four-point bend strength measurements 

Material n In afo S i 
(MPa) 

Ultra-low-expansion glass (C7971) 33.3 (1.8) 17.469 88.5 (14.0) 
Pyroceram glass-ceramic (C9606) 62.5 (13.6) 18.893 246.2 (10.3) 
9/~m AI: 03 49.3 (11.7) 19.130 350.8 (18.5) 
18 um AL~ 03 39.2 (0.9) 18.678 280.5 (15.8) 

*The numbers in parentheses are the standard error for n and the standard deviation for S i. Other statistical para- 
meters are listed in Table AIII of the Appendix. 
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TAB LE IV Calculated intercept on failure prediction diagrams (In B) 

Material Crack Biaxial Four-point 
growth tension bend 

Ultra-low-expansion glass (C7971) 21.9115 26.086 22.908 
Pyroceram glass-ceramic 24.5942 22.576 26.594 
Cervit 126 glass-ceramic 24.382 28.606 
9 pm AI 2 O 3 13.782 24.446 27.659 
18pm A12 O 3 -- 0.8609 25.138 23.544 

ficients for the strength data obtained from the 
biaxial tension and the four-point bend tests, 
respectively. The constant n and In Ofo and the 
standard error of n are given in Tables II and III 
for the median fracture stress. A similar set of 
data was obtained for the mean value and standard 
deviation of the fracture stress. Applications of a 
Student t-test of these sets of data suggests that 
there is little difference between the constants n 
and ln afo obtained by the two types of linear 
regression analysis (i.e. the mean fracture strength 
against the median fracture strength). Since it 
apparently makes little difference as to whether the 
mean or median values of strength are used for the 
regression analysis, the linear regression coefficients 
obtained from the median values of the strength are 
used for the lifetime prediction equations. Other 
experimental parameters needed for lifetime 
predictions and for estimating the variance of 
those predictions are given in Tables AII and AIII 
of the Appendix. 
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Figure 6 Failure prediction diagram comparing fracture 
mechanics and strength data for ultra-low-expansion 
glass. 
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4.3.  Failure p red ic t ion  d iagrams 
As noted in Section 2 of this paper, Equation 7 
can be used to test the premise that n and B are 
materials constants that do not depend on their 
method of evaluation. As shown in the Appendix 
(Equation A7) the value of in B can be obtained 
from the regression coefficients of the stressing- 
rate data and from measurements of the inert 
strength by using the following equation: 

lnB = (n + 1)ln Oro -- (n -- 2) (In Si} 

- -  l n ( n  + 1 )  - -  l n 6 o .  ( 8 )  

The value of lnB can also be obtained from crack 
growth data by using Equation 4. Values of B 
obtained in this manner are given in Table IV and 
are used in Figs 6 to 10 to plot ln(t~ra ~) as a 
function of ln(S/oa). As can be seen from Figs 
8 to 10, obvious agreement between the techniques 
used for lifetime prediction is obtained for the 
low-expansion glass, for the two sets of strength 
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Figure 7 Failure prediction diagram comparing fracture 
mechanics and strength data for Pyroceram glass-ceramic. 
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Figure 8 Failure prediction diagram comparing fracture 
mechanics and strength data for Cervit 126 glass-ceramic. 

data obtained on the 18/2m aluminium oxide,  and 
perhaps for the Cervit 126. For the other materials, 

the predicted lifetimes of  a component  under 
stress appear to depend on the test technique used 
to characterize the fatigue behaviour of  the 
ceramic; statistical methods can be used to 
confirm this conclusion. 

Because the values of  the linear regression 
coefficient n were determined by direct analysis of  
experimental  data, a Student  t-test may be used to 
test the significance of  the differences in the slopes 
shown in Figs 6 to 10. Table V presents the results 
of  a Student t-test applied to the slopes, n, of  the 
experimental  data. The t-test confirms our intuitive 
feeling that  differences in the slopes of  the data 
for glass were not  significant, regardless of  the 
test used to determine n. The values of  t in Table 
V also suggest that  values of  the slope obtained by 

the four-point bend test and the biaxial tension 
test did not  differ significantly for any o f  the 
materials. By contrast ,  significant differences in 
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I I 1 I l I I Figure 9 Failure prediction diagram com- 
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In (S/a a ) for 9/~m grain-size aluminium oxide. 

TABLE V Student t-test applied to the slope (n -- 2) of the curves shown in Figs 6 to 10. Values of t that are signifi- 
cant at the 95 % probability level ( two-sided probability) are underlined 

Material Four-point bend Four-point bend Biaxial tension 
against biaxial tension against crack velocity against crack velocity 

Ultra-low-expansion glass (C7971) 1.59 0.649 1.99 
Pyroceram glass-ceramic 1.08 1.38 3.98 
Cervit 126 glass-ceramic 0.92 
9/~m A12 03 1.31 2.47 3.72 
18/~m AI~ O s 1.11 3.29 3.45 
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Figure 10 Failure prediction diagram comparing fracture 
mechanics and strength data for 18t~m grain-size alumi- 
nium oxide. 

slope, n, were obtained when the crack velocity 
method of evaluating n was compared with either 
of the two strength methods. A comparison of the 
crack-velocity technique with the biaxial tension 
technique indicates a significant difference in n for 
the Pyroceram, the 9 gm aluminium oxide and the 
18/1m aluminium oxide. A comparison of the 
crack velocity technique with the four-point bend 
technique indicates a significant difference in n 
for the 18gm aluminium oxide and the 9gm 
aluminium oxide, but not for the Pyroceram. 

A statistical comparison of the intercept of the 
curves presented in Figs 6 to 10 is not straight- 
forward because in B is a derived quantity not 
obtained by a direct linear regression analysis of 
experimental data. A qualitative comparison of the 
intercepts of these curves for different techniques 
of measurement can be obtained, however, by 
comparing the confidence bands associated with 
the curves in Figs 6 to 10. A comparison of this 
type is shown in Figs 11 and 12. The confidence 
bands are nearly hyperbolic curves that lie on each 
side of the central line (not included in Figs 11 
and 12) predicted from Equation 7. The region of 
minimum approach to the central line represents 

*This last point can be confirmed by examination of 
the Appendix. 
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F~gure 11 Ninety-five per cent confidence bands for two 
of the failure prediction lines shown in Fig. 6. Overlap of 
the confidence bands within the region of the data is 
taken as evidence that the intercepts of the two sets of 
data do not differ significantly. The range of S/a a corre- 
sponding to the range of the experimental data is indi- 
cated by the vertical lines in the figure. 

that portion of the line for which confidence in 
the expected value of In (tO2a) is greatest. This 
region of the curve also corresponds to the range 
of in d or In KI on the stressing-rate or crack- 
velocity curves over which the data were collected.* 
Two techniques of determining In B can be com- 
pared by examining the confidence bands within 
the region of closest approach to the central line. 
Overlap of the confidence bands within this region 
suggests that the intercepts of the two sets of data 
do not differ significantly. 

The method of comparison just described was 
applied to the sets of data in Table V that did not 
differ significantly in slope. The following sets of 
data were found to have intercepts that also did 
not differ significantly: the glass and Cervit 126 
for all test techniques; the 18/lm aluminium oxide 
for the two stressing-rate techniques; and the 
Pyroceram for the four-point bend strength 
technique and the crack-velocity technique. By 
contrast, the 9/lm aluminium oxide and Pyroceram 
data, both obtained by the two stressing-rate 

the equations used for the calculation of var(lnta~); see 
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bands for two of the failure prediction 
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data is indicated by the vertical lines in the 
figure. 
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techniques, had intercepts that differed signifi- 
cantly. 

5. Discussion of results 
5.1. Crack propagation parameter, n 
The materials used in the present investigation 
have also been used by other investigators to study 
the static fatigue of  ceramic materials. Since 
values of  n were reported in all o f  these studies, a 
comparison of  our data with those of  other 
investigators (Table VI) can be made on the basis 
of  the crack propagation parameter, n. For con- 
venience of  comparison, Table VI has been divided 
into three groups o f  data: Group 1 refers to data 
collected on the same lots of  materials using 
measurement techniques that were essentially 
identical to those used in our study; Group 2 
refers to materials that were similar, but not 
identical in structure and composition to those 
used in the present study; Group 3 refers to 
materials or test techniques that differed substan- 
tially from those used in the present study. As will 
be seen, some of  the data agreed very well with 
those collected in our study, whereas other data 
differed substantially from our own. 

The data from Table VI that compared best 
with our own were those collected on the same 

lots o f  material used in the present study (Group 
1). A comparison of  these data with our own 
indicates that the values o f  n reported in Table VI 
fall within a standard deviation o f  the values given 
in Table I for the same measurement 
technique. This comparison suggests that the data 
from the first group of  Table VI are statistically 
indistinguishable from those obtained in the 
present paper. Since material variability is not  a 
factor in this interlaboratory comparison, we 
conclude that the techniques used for the charac- 
terization of  static fatigue can be duplicated at 
different laboratories to obtain consistant values 
o f n  for a given material. 

With the exception of  the Pyroceram 9606 
data collected by Koepke [16], the data from 
Table VI, Group 2, differs substantially from those 
obtained in the present paper.* Part of  this differ- 
ence is accounted for by small differences in 
microstructure and composition of  the materials 
studied. The effect of  microstructure is clearly 
demonstrated by the work of  Ritter and Cavanaugh 
[26]. Using four-point bending, the stressing 
technique was employed by these authors to 
obtain measurements of  n on a Cervit 126-type 
glass-ceramic. As shown in Table VI, Ritter and 
Cavanaugh observed a dramatic increase in the 

*The material studied by Koepke was supplied to him by us, but was from a different billet than that reported here. 
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TABLE VI Summary of static fatigue data. All tests were conducted in water 

Material n Test Comments Reference 

Group 1 
Cervit 126 36.7 Double Koepke et al. [24] 

torsion 
9 ~m aluminum 90 Double Koepke [ 16] 
oxide torsion 

Group 2 
Pyroceram 85 Double 
9606 torsion 
Pyroceram 55 Double 
9606 torsion 
Cervit 126 52.3 Four-point 

bend 
Cervit 126 180.6 Four-point 

bend 
Aluminium 35.7 Double 
oxide torsion 
Aluminium 52.0 Double 
oxide torsion 
Aluminum 42 Double 
oxide torsion 
Aluminium 3 7.4 Four-poin ~ 
oxide bend 

Group 3 
Aluminum 
oxide 

Aluminium 
oxide 

Aluminium 
oxide 
Aluminium 
oxide 

Pyroceram 
9606 

45.9 Double 
cantilever 
beam 

30.6 Double 
cantilever 
beam 

56 to 158 Double 
torsion 

10.3 to Stressing 
43.9 rate 

(Three-point 
bending) 

89 Four-point 
bend 

Koepke [ 16] 

Bansal and Duckworth [25] 

0.5 #m Keatite Ritter and Cavanaugh [26] 

1.5 t~m Keatite Ritter and Cavanaugh [26] 

Non-commercial sintered material Ferber and Brown [27] 

Lucolox Evans et al. [28] 

Alsimag 614 Bansal and Duckworth [25] 

Electronic substrate Ritter and Humenik [14] 

Luncolox H.S. 
6-8/2m grain size 

Lucolox H.S. After annealing, 
30-40 #m grain size 

Freiman et al. [30] 

Freiman et al. [30] 

Alumina Adams et al. [29] 
refractories 
Alumina Adams et al. [29] 
refractories 

Specimens polished and indented Cooketa l .  [31] 

value of  n, 52.3 to 180.6, as the grain size of  the 

glass-ceramic increased from 0.5/1m to 1.5/~m. 
A much smaller difference in grain size would 
account for the lower value of n,  32.9, obtained in 
our study of  Cervit 126. 

Differences in microstructure and composit ion 
may also account for the values of  n obtained for 

some of  the aluminium oxide data shown in Table 
VI [25, 27]. The sintered material used by Ferber 
and Brown [27] contained approximately  6% 
porosity,  whereas the material used by  Bansal 
and Duckworth [25] was reported to have glass at 
the grain boundaries. Although effects of  porosi ty 
and grain-boundary glass on crack growth have 
not  yet  been studied in great detail,  it is possible 
that  these microstructural effects account for the 

1258 

difference in the reported crack growth behaviour. 

Glass at the grain boundaries may be particularly 
impor tant  because of  the susceptibili ty of  glass to 
subcritical crack growth [1]. 

Minor differences in experimental technique 
may also account for some of  the difference 
between our data and the data given in Table VI 
(Group 2). All double-torsion data shown in Table 
VI were collected by the relaxation procedure. 
This technique is particularly susceptible to 
spurious relaxation that can occur during the 
course of  a measurement. These relaxations may 
result from mechanical relaxation of  the test 
apparatus or from localized plastic deformation 
and fracture at the bearing surfaces of  the test 
fixture. Relaxations of  this sort will cause the 



measured value of n to be less than the value of n 
obtained in the absence of spurious relaxations. 

The cause of these relaxations and methods of 
avoiding them have been discussed in some detail 
by Pletka eta l .  [17]. 

Group 3 of Table VI contains a summary of 
three sets of data, one set collected on dense 
aluminium oxide using the double-cantilever beam 
technique, another set collected on aluminium 
oxide refractory materials using the double-torsion 
technique and the final set collected on the same 
billet of Pyroceram used in the present studies, but 
with indentation cracks as fracture nuclei. The 
work by Adams e t  al. [29] on the refractories 
illustrates, in a dramatic way, the effect of  micro- 
structure on fatigue behaviour. In a study of 10 
different commercial refractories that ranged in 
composition from 42 to 91% aluminium oxide, 
these authors showed that n varied from 56.1 to 
157.8 when obtained by the double-torsion 
technique. By contrast, when n was determined by 
a constant stressing-rate technique, n varied from 
10.3 to 43.9. The value of n obtained by the 
double-torsion technique was found to range from 
approximately three to six times the value obtained 
by the stressing-rate technique. The same sort of 
result was obtained in the present study for 
aluminium oxide, for which n obtained by the 
double-torsion technique was found to be approxi- 
mately three times the value obtained by the 
stressing-rate techniques. 

The data of Freiman et  al. (Table VI) [30] 
suggests that if a constant driving-force technique 
is used instead of a relaxation technique, the 
measured value of n is reduced considerably. 
Freiman et  al. [30] used the applied-moment, 
double-cantilever beam technique to measure crack 
growth in several grades of aluminium oxide. Two 
of the materials studied were fully-dense, Lucolox 
specimens (6 to 10/~m and approximately 50gm 
grain size) that were similar to the specimens 
used in the present study. The low values of n 
obtained by Freiman et  aI. can be attributed to the 
fact that cracks were forced to propagate through 
regions of localized toughness by the constant 
driving force used in their experiments. Cracks 
were reported to have undergone periods of 
acceleration and deceleration even though the 
driving force for fracture remained constant. The 
crack velocities reported by Freiman et  aI. were 
determined by averaging the crack growth over 
relatively long distances of motion (approximately 

0.5 mm) [32] in the test specimen. Therefore, the 
data represent a measure of the average resistance 
of the test material to crack growth. By contrast, 
when a relaxation technique is used to study 
crack growth, the driving force for fracture 
decreases as the crack grows longer, and there is a 
tendency fo r  crack arrest by regions of high 
toughness. As discussed below, this tendency for 
crack arrest may explain the high values obtained 
for n by relaxation procedures. 

The data collected by Cook et  al. [31 ] demon- 
strate a significant effect of  the mechanical con- 
dition of the surface on the apparent value of n 
obtained by constant stressing-rate techniques. In 
their study, Cook et  al. introduced indentation 
cracks into four-point bend specimens that had 
been mechanically polished. The cracks served as 
fracture nuclei during strength measurements. As 
can be shown from a Student t-test, the value of 
n, 89, obtained by these authors differed signifi- 
cantly from those reported in Table III. The fact 
that the same billet of material was used in both 
studies suggests that differences in n values can be 
attributed to differences in surface condition. As 
discussed below, Cook e t  al. attribute these 
differences to the presence of residual stresses in the 
surface of the specimens. The presence of these 
stresses in the vicinity of crack nuclei will effect 
the motion of these cracks and hence the stressing- 
rate behaviour of the test specimens. 

5.2. The effect of microstructure and test 
technique on n 

An analysis of the experimental results of this 
paper (Section 3) indicates that of  the five materials 
tested only the glass and the Cervit 126 gave values 
of n and lnB that were independent of  the test 
technique. Considering the fact that the glass a n d  
the Cervit 126 are homogeneous and have fine 
microstructures compared to the other three 
materials, these results suggest that the values 
obtained for in B and n may depend in some way on 
the microstructure of the materials tested. Hence, it 
seems useful to discuss the effect of microstruc- 
tural parameters on crack growth, and to explore 
the possibility that microstructural effects account 
for the relatively high value of n obtained on Pyro- 
ceram and aluminium oxide when n is measured 
by the double-torsion technique. The arguments in 
this section will be developed in two stages: one 
relating to the crack growth experiments; the other 
relating to the stressing-rate experiments. 
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A number of recent publications have reported 
the fact that the fracture resistance of some 
ceramic materials increases as the size of the pre- 
existing crack is increased by subcritical crack 
growth, Studies by Hiibner and Jillek [33] on 
aluminium oxide (18/lm grain size, 4% porosity) 
using single-edge-notched, four-point bend speci- 
mens indicate an increase in Kic from 2.7 to 
4.6 MPam v2 as the crack length changed by only 
1 mm. Microscopic evidence was presented by 
these authors to show that this finding was largely 
the result of crack branching and the formation 
of multiple cracks. Pratt [34], who used double- 
cantilever beam specimens, showed the same sort 
of increase in Kic if measurements of Kic were 
made after subcritical crack growth occurred in 
the test specimens. He also attributed the increase 
in Kic to an increase in the amount of multiple 
cracking in the test specimens. Bansal and 
Duckworth [35], in a study of the strength of two 
different grades of  aluminium oxide, also obtained 
support for the observations of Hiibner and Jillek. 
Hence, there is a body of evidence in the literature 
that supports the idea that the fracture resistance 
of ceramics can increase during crack propagation. 

The studies of  Freiman e t  al. [30] cast a some- 
what different light on the effect ofmicrostructure 
on crack propagation. These authors report a 
cyclic behaviour to the crack velocity for cracks 
that were subjected to a constant applied-stress 
intensity factor, which suggests that the resistance 
of the material to fracture varies in a cyclic manner 
as the crack gets longer. To be consistent with the 
results of Hiibner and Jillek, this variation in 
resistance to fracture would have to be determined 
by a rise and decay in the extent of microcracking 
as the crack grows longer. Since the extent of 
microcracking is probably determined by the local 
microstructure at the crack tip, variations in 
resistance to fracture are ultimately determined by 
variations in the crack tip microstructure. 

Pletka e t  al. [17] have obtained data that 
support the f'mdings of  Freiman e t  al. Using the 
double-torsion technique, these authors measured 
the rate of crack growth on specimens subjected to 
a constant rate of displacement. Normally, when 
this test method is applied to a homogeneous 
material, such as glass, a smooth, constant-load 
plateau is obtained when the rate of machine 
displacement is just compensated for by the rate of 
relaxation of the specimen due to crack motion. 
The crack velocity and the applied stress intensity 
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are then uniquely determined by the magnitude 
of the load corresponding to the load plateau. In 
the experiments conducted by Pletka e t  al. [17] 
the plateau was irregular and the applied load 
could not be determined uniquely. As with the 
data collected by Freiman e t  al. [30], this data 
can be understood by recognizing that the resist- 
ance of the solid to crack motion varied as the 
crack propagated. Variations of  the load during a 
crack growth experiment would then correspond 
to local variations of  the resistance of the material 
to crack growth. 

The fracture studies just discussed can serve as 
a basis for understanding the dependence of n on 
test technique. In a qualitative way, the fracture 
studies indicate the existence of a spacial variation 
in the resistance of heterogeneous solids to fracture. 
This spacial variation in fracture resistance can, in 
principle, bias experimental measurements of 
crack growth parameters, so that the parameters 
depend on the experimental technique used for 
their determination. When fracture mechanics 
techniques are used to determine crack growth 
parameters, one might expect the overall behaviour 
of the crack to be determined by regions of high 
resistance to crack growth. Cracks tend to be 
slowed by regions of high resistance, and hence, 
most of  the time for crack propagation is spent 
trying to overcome these regions. 

When stress relaxation techniques are used to 
measure crack growth parameters, variations in 
the local resistance of the material to fracture can 
bias the slope of the crack growth curve because of 
the manner in which the data are collected. The 
data points on a crack velocity curve are not truly 
independent, in the sense that the data points are 
of necessity taken in sequence from the highest 
to the lowest value of KI as the driving force for 
fracture decreases during the relaxation process. 
Because the data points are not independent, 
structural variations in the material are bound to 
affect large numbers of data points from each 
relaxation run, and hence, will effect the slope 
and shape of the entire curve. If, as has already 
been suggested, the crack spends most of its time 
trying to overcome regions of high fracture resist- 
ance, the slope of the crack growth curve is 
expected to be biased towards high values ofn. The 
biasing of n arises because an incremental increase 
in the resistance to crack growth causes the 
velocity to decrease by a larger increment than 
would be obtained if the resistance to crack 



motion remained constant as the crack grew longer. 
This explanation for the high value of n depends 
somewhat on the state of the crack and its 
location at the start of the relaxation experiment. 
I f  the crack were just entering a region of easy 
crack growth, then crack acceleration, or a low 
value of n would be expected in the course of the 
relaxation experiment. Local accelerations of  this 
type have been reported earlier [21] and are 
illustrated in Fig. 1 for the Pyroceram data. 
Furthermore, low values of n are frequently 
encountered in the initial stages of  a relaxation 
experiment, Fig. 2, suggesting that easy regions of  
crack growth are more frequently encountered at 
high crack velocities. These observations lend 
support to the mechanism of crack growth pro- 
posed herein. 

The magnitude of change in fracture resistance 
of the material can be small and yet still account 
for the results observed in the present paper. This 
can be demonstrated by comparing the data in 
Fig. 2 for which n "~ 100 with data reported by 
Freiman et  al. for which n ~ 45.9. For the sake of 
discussion, it will be argued that the lower value of 
n = 45.9 is an unbiased representation of the true 
average fracture resistance of aluminium oxide. The 
higher value, n _~ 100, will be assumed to be 
representative of data for which microstructural 
effects have biased the value of n. For the range of 
crack velocities (10 -4 to 10 -s msec -1) used by 
Freiman et  al., the change in KI was approximately 
0.6MPam lm. The change in KI for the higher 
value of n would be approximately 0 .3MPam 1/2 
for the same velocity range. The difference between 
these two values, 0.3MPam 1/2, represents the 
increase in fracture resistance of the material during 
the course of the relaxation experiment that 
would be required for the higher value of n. 
Changes in KI of  this magnitude are reasonable 
considering the fact that a much larger effect of  
crack growth on Kic has been reported for alumi- 
nium oxide [33, 34]. A change in K I of  this magni- 
tude is also consistent with variations in loads 
obtained when crack velocity curves are determined 
on double-torsion specimens using the constant 
stressing-rate technique [17]. Hence, it is our 
opinion that the data in the literature support the 
hypothesis that the high values of  n obtained by 
stress relaxation procedures can be attributed to 
an increase in the fracture toughness of  the 
material during the course of  the relaxation 
measurement. 

The microstructural effects just discussed are 
likely to bias crack growth parameters differently 
when these parameters are determined on strength 
specimens by stressing-rate techniques. The surfaces 
of  ceramic materials contain large numbers of 
flaws that vary in size and location. Although the 
largest flaws are generally the most likely to 
propagate to failure in the course of a strength 
test, the location of the flaw in the material is 
almost as important as its size in the determination 
of material strength. Flaws that are located in 
regions of  the material that have a low resistance 
to crack propagation will tend to be the first 
to propagate to failure. Hence, the stressing-rate 
technique of determining n is biased by regions of 
the solid that exhibit a low resistance to crack 
propagation. The stressing-rate technique is less 
likely to be influenced by interactions of  cracks 
with fracture resistant portions of the solid. I f  one 
of the cracks were stopped, or slowed by the 
microstructure, a second crack in a less resistant 
portion of the solid would surpass the first in size 
and would become the source of failure. Because 
of this behaviour, material-induced biasing of the 
experimental results will be different for the stress 
relaxation and the constant stressing-rate tech- 
niques. The values of n determined by the stressing- 
rate technique is likely to be less than that deter- 
mined by the stress relaxation technique. 

The concepts presented in the preceeding 
paragraph are supported in part by the work of 
Mendiratta and Petrovic [36]. These authors 
studied the growth of  individual flaws that were 
introduced into hot-pressed silicon nitride (HS 130) 
by Knoop indentation. Studies were conducted in 
a vacuum at 1300 ~ C so that crack growth was the 
result of creep-fracture. These authors found that 
cracks that were originally of equal size tended to 
grow at different rates so that after a period of 
time the cracks were not the same size. Cracks 
with an initial surface length of 0.167mm were 
found to range in size from approximately 1.1 mm 
to approximately 2.7 mm after 19min exposure at 
a stress of 206 MPa. These results were attributed 
to microstructural heterogeneities in the test 
material. Since the results reported by Mendiratta 
and Petrovic were obtained at elevated temperatures 
there may be some reason to believe that their 
results are restricted to the material and test 
condition used by these authors. However, it is 
the opinion of the present authors that the effect 
is probably much more general, and therefore 
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applies also to strength measurements on brittle 
materials at low temperatures. 

A second explanation for the relatively low 
value of n obtained from stressing-rate experiments 
has been presented recently by Marshall and Lawn 
[37]. Most surface flaws in ceramic materials are 
formed as the result of contact loads that occur 
during the machining and finishing of these 
materials. Contact loads introduce cracks into the 
surface of the solid which act as the primary 
sources of  failure in ceramic materials. Since 
contact loads also deform the solid plastically at 
the point of crack initiation, residual stresses 
caused by the plastic deformation tend to force 
the cracks open, resulting in stresses at the tips of 
these surface cracks. During a strength measure- 
ment, the residual stresses add to the stresses from 
the applied load, and thus modify the apparent 
static fatigue behaviour of the material. In their 
study on soda-lime-silica glass, Marshall and 
Lawn showed that the value of n (13.2) for 
indented specimens tested in four-point bending 
was less than the range of values obtained by 
crack growth measurements (16 to 19). In a more 
recent study of this phenomenom, Cook et  al. 
[31] have shown that crack-growth and strength 
data obtained on Pyroceram can also be reconciled 
by considerations of surface Stresses induced by 
machining. Hence, an ~ effect such as this undOubt- 
edly plays a role. in determining the value of n 
obtained by stressing-rate procedures, and therefore 
offers an alternative explanation for the fact that 
the value of n is low when de~ermined by  these 
procedures. Clearly, additional research is needed 
to develop a full understanding of the effect of  
measurement technique and microstructure on the 
value of n. 

5.3. Predic t ion of  c o m p o n e n t  l i fe t ime 
Methods of design for ceramic materials are based 
on the premise that failure originates from pre- 
existing flaws that undergo subcritical crack 
growth. The rate of growth, the applied forces and 
the crack length are assumed to be functionally 
related. In principle, the parameters that determine 
this relationship can be evaluated experimentally 
so that the basic assumptions of the theory can be 
checked. In this section of the paper, the data 
presented earlier will be used to make lifetime 
predictions for a hypothetical: application for 
which the applied ~stresses are held constant. As 
will become apparent, large differences in the 

predicted lifetime occur primarily as a result of 
differences in the experimental value of the crack 
propagation parameter n. Effects of measurement 
error are also discussed, and are shown to be a 
source of uncertainty in the prediction of lifetime. 

Lifetime predictions can be made by the use of 
Equation 7 in a slightly modified form: 

In t = In B + (n -- 2) In S -- n In cra. (9) 

The constants required for this equation appear in 
Tables 1 to IV. Estimates of  error in the expected 
failure time, t, were obtained by the methods 
outlined in [5] and [39] (see the Appendix for a 
summary of these methods). Fig. 13 illustrates the 
type of relation obtained between the three 
variables (t, S and aa) of Equation 9. In Fig. i3, 
In t and In a a are used as the ordinate and abscissa, 
whereas the lines on the diagram represent the 
relation between these two variables for selected 
values of inert strength, S. For each value of S, 
the central line is calculated from Equation 9, 

9lJm AI203 
Crack Velocity 

1011 _ 

10 - -  

1 Year 

g IO 7 - 

- -  1 Month 
b- 

=. 

105 ~ 1 day 

10 3 

10 

,235 .51  

/ 
218.8 
MPa 

S = 10 MPa S = 100 MPa 

I 
10 100 
APPLIED STRESS (MPa) 

Figure 13 Lifetime prediction curves obtained for 9/~m 
aluminium oxide. The curves were calculated from crack 
propagation data. Error bands represent 95 % confidence 
limits for the central lines. 
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TABLE VII Predicted service stress (MPa) for a one-year lifetime, based on median estimate of the prediction time 

Material Inert Crack Technique 
strength velocity Biaxial Four-point 
(MPa) tension bending 

Ultraqow-expansion 100 40.3 35.5 39.8 
glass (C7971) 
Pyroceram 160 112 81.3 105 
glass-ceramic 
Cervit 126 100 53.7 46.8 - 
glass-ceramic 
9 ~tm AI~ 03 335 235.5 140.6 151.4 
18 #m A12 03 250 153.1 103.0 112 

whereas the outer curves, which represent 95 % 
confidence limits for the estimation of  In t, 
are determined by methods discussed in the 
Appendix. Because the slope of  the central line 
is given by - - n ,  the prediction fifetime is very 
sensitive to experimental evaluation of  this 
parameter: the lower the value of  n, the larger 
the relative reduction in strength as a result of  
static fatigue. 

The widths o f  the error bands shown in Fig. 13 
are sensitive to the accuracy with which the 
constants of  Equation 9 are determined. The 
estimated error in the mean failure time can be 
substantial. In Fig. 13 for example, a one-year 
estimate of  lifetime for an applied stress of  
235.5MPa and an initial strength of  335MPa 
could be in error by as much as approximately 
three orders of  magnitude: failure could occur in a 
time as short as approximately 4 days or as long as 
200 years. For practical applications, this magni- 
tude of  error is not  as serious as it might first 
appear, because o f  the large slope (n ~ 100) of  the 
curves shown in Fig. 13. Small reductions in 
applied stress result in large increases in the 

TABLE VIII Predicted service stress (MPa) for one-year 
line 

survival probability [5]. Referring again to Fig 13, 
a reduction in applied load from approximately 
235.5 MPa to approximately 218.8 MPa (the lower 
bound of  the confidence band) reduces the chance 
o f  failure in a period of  less than one year to 
2.5 %. Additional reductions in the applied load 
would decrease the chance of  failure even further. 
In general, this type of  logic holds for all of  the 
materials studied. By basing the lifetime prediction 
on the lower bound of  the confidence band, a 
high assurance of  lifetime can be achieved with 
only marginal reduction of  load carrying capability 
[5]. 

In Tables VII and VIII comparisons of  predicted 
lifetime are presented for each of  the techniques 
used in this study. For each material and test 
technique, a graph such as that shown in Fig. 13 
was obtained. The applied stress required for a 
lifetime of  one year was then calculated for the 
line representing the mean estimate o f  lifetime, 
and for the curve representing the lower bound 
of  the 95 % confidence band. The initial strength 
for each material was estimated as approximately 
three standard deviations below the mean breaking 

lifetime, based on lower probability band of the predicted 

Material Inert Crack 
strength velocity 
(MPa) 

Technique 

Biaxial Four-point 
tension bending 

Ultra-low-expansion 100 37.6 25.1 34.7 
glass (C7971) 
Pyroceram 160 105 60.3 63.1 
glass-ceramic 
Cervit 126 100 44.7 41.7 - 
glass-ceramic 
9/~m A1203 335 218.8 128.8 77.6 
18 #m A12 03 250 144.5 79.4 107 
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stress given in Table II. This estimate of the initial 
strength is considered to be a realistic level of 
practical load for each of the materials studied. 

Table VII presents an estimate of the allowed 
service stress for a lifetime of one year, based on 
a mean estimate of lifetime. Because of subcritical 
crack growth, substantial decreases in the service 
stress (below the initial strength) are required for 
all materials studied. The largest decrease in 
allowable stress occurs for materials that exhibit 
the smallest values of n, indicating the importance 
of this parameter to the calculated lifetime. Glass, 
tested by the biaxial tension technique (n = 26) 
is predicted to exhibit a 64.5 % loss in strength 
over a one year period, whereas the Pyroceram 
(n = 83.5) or the 9/1m aluminium oxide (n = 104) 
tested by the crack velocity technique is predicted 
to suffer a loss of only 30 % in strength during the 
same period. This same dependence of strength on 
test techniques is noted for each of the materials 
studied. In general, lower allowable service stresses 
are calculated when data from the biaxial tensile 
test are used for estimates of lifetime because the 
lowest values of n were obtained by this technique. 

As illustrated in Table VIII, sizable reductions 
in the allowable applied stress are required for 
design purposes when errors of measurement are 
factored into the selection of the applied stress. 
The magnitude of the reduction depends on the 
accuracy of the data used for the prediction of 
lifetime. When the original fatigue data are very 
accurate, a negligible reduction in applied stress 
is required to account for experimental error. 
Thus, a reduction in stress level of only 2.7 MPa 
(approximately 7 %) would be needed to account 
for experimental error for the ultra-low expansion 
glass analysed by the crack velocity technique. By 
contrast, when strength data are subject to con- 
siderable experimental scatter, as they are for 
Pyroceram tested in four-point bending, large 
reductions in applied stress are required to account 
for measurements errors. For the Pyroceram, a 
reduction of the applied stress from 105MPa to 
63.1 MPa (approximately 40%) is necessary to 
account for errors of measurement. Needless to 
say, errors of measurement must be minimized to 
attain accurate predictions of lifetime. 

Assuming that measurement errors can be 
reduced to an acceptable minimum, the lowest of 
the predicted service stress would normally be 
used for the greatest assurance of design lifetime. 
For this reason, the predicted service stresses 
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obtained by the stressing-rate techniques would be 
preferred over those obtained by the crack velocity 
technique because they are lower. 

A second reason for the selection of stressing- 
rate data over crack growth data for purposes of 
lifetime prediction has to do with the effect of 
microstructure on crack propagation. As noted 
earlier, experimental data obtained by the two 
techniques are biased quite differently by the 
microstructure and hence lead to considerable 
differences in predicted lifetime when there are 
interactions between the microstructure and the 
moving cracks. Because of this possibility, data 
from test techniques that relate most closely to 
the actual application should be used for the 
prediction of lifetime. For most applications, 
the lifetime of ceramics is limited by the critical 
condition of initial instability of small cracks that 
~i~re normally present in ceramic materials. Once 
these cracks begin to move they are subject to a 
continually increasing driving force which reduces 
the likelihood of arrest before failure. Since they 
duplicate the conditions that occur in practice, 
stressing-rate techniques are more appropriate 
for the prediction of component lifetime for most 
applications. In those cases where the interest is 
also in crack arrest (thermal shock, erosion etc.) 
measurement of static fatigue parameters by crack 
growth techniques (specifically relaxation tech- 
niques) may also be appropriate for the prediction 
of lifetime. Where crack growth and crack arrest 
are considered important, both types of data 
would have to be used for design. 

6. Summary 
The primary objective of this paper was to examine 
the premise that the crack growth parameters, n 
and B, which are used for structural design, 
depend only on material composition and micro- 
structure. To test this premise, a test matrix of 
five materials and three test techniques were used 
to determine these crack growth parameters. The 
test techniques were: (a) double-torsion technique, 
relaxation method; (b) stressing-rate technique, 
four-point bend specimens; (c) stressing-rate 
technique, biaxial tension specimens. Two of the 
materials tested (ultra-low-expansion glass, C7971 ; 
Cervit 126) gave results that were independent of 
test technique. The other three materials 
(Pyroceram 9609, 9/2m A1203 and 18#m A1203) 
gave results that depended on test technique. 

The results were explained on the basis of the 



microstructures o f  the materials tested. The 
microstructures o f  the Pyroceram and the two 
aluminium oxides were considerably coarser than 
those of  the other two materials. Hence, it was 
hypothesized for these three materials that inter- 
actions between the crack tip and the micro- 
structure explained the lack of  experimental 
consistency for the test techniques. The occurance 
of  multiple fracture at the tip of  the moving crack, 
and the intersection of  the crack tip with particu- 
larly tough regions of  the material was used to 
explain the relatively large values of  the parameter 
n obtained by relaxation measurements. This 
explanation is consistent with observations o f  
multiple fracture in aluminum oxide and with 
observations of  cyclic acceleration and deceleration 
o f  cracks in aluminum oxide that are subject to 
a constant driving force. Microstructural inter- 
actions are not as important in stressing-rate 
experiments because of  the multiplicity of  poten- 
tial fracture sites in the surfaces of  specimens 
normally used in .these experiments. 

From a practical point of  view, it was suggested 
that for most applications, stressing-rate exper- 
iments should be used to determine the crack 
propagation parameters n and B. This suggestion 
was made because of  the necessity of  a conservative 
approach in the prediction of  lifetime, and because 
the flaws that cause failure in stressing-rate exper- 
iments closely duplicate those that cause failure in 
most engineering situations. In situations where 
crack arrest is important (i.e. thermal shock, 
erosion, etc.) crack growth parameters obtained 
by stress relaxation procedures may also be 
appropriate. 
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Appendix: Method used to establish 
confidence limits for In (t2aa) 

Confidence limits for Equation 7 were determined 
from estimates of  the variance o f  In (tOn 2) and the 
number of  degrees of  freedom in each experiment. 
Using the procedures outlined in [5] and [38], the 
following equation is obtained for the estimate of  
the variance of  In (tOn 2) for the crack propagation 
data: 
var (In ta2a) = (n - -  2) 2 var (<In KIc>) 

+ var ((In Vo >) + [<In KIc/K o ) -- In (S/oa)! 

+ (n -- 2) - I ] 2  var (<n>) + 2 [<lnKic[Ko) 

- -  In ( S / o a )  + ( n  - -  2)- '  ] coy (<n>, <In v0 >) 

(A1) 

where var (<In Vo >), var ((n>)and coy (<n>, In (v0 >) 
are given by the following equations: 

var((n>) = [~,/=1 (ni - - (n>)2]/N(N-1) ' (A2)  

I ] var(<lnvo)) = ~ (lnvoi--<lnvo)) 2 /N(N-- 1) 

i=t (A3) 
and 
coy (<n >, <In Vo >) 

I ] = F~ (m - <n>) (In Vo~ - (In Vo >) / N ( N - - U ,  
i=1 (A4) 

T A B L E A I Summary of data obtained by fracture mechanics techniques 

Parameter Ultra-low Pyroceram Cervit 
expansion glass-ceramic 126 
glass (C9606) glass-ceramic 
(C7971) 

9#m AI 20 a 18 #m A12 0 3 

In K o 0 0 0 0 0 
<n) 35.0 83.5 45.5 104.1 111.3 
<In v 0 > =470 -- 1224 --625 -- 1583 -- 1724 
In KIC 13.4588 14.6571 13.7102 15.2857 15.7339 
vat ((lnKic)) 6.072• 10 -4 5.093• 10 -4 2.316• 10 -3 6.345 • 10 -4 3 . 6 7 3 •  10 -4  

var ((In v o >) 118.986 1556.230 3158.489 8t79.840 18226.782 
var ((n)) 0.7496 7.634 17.253 35.1592 80.270 
coy ((n>, (In v o >) -- 9.4264 -- 108.894 -- 233.43 -- 535.972 -- 1209.487 

Degrees of freedom 
KIC data 3 
v-K data 3 

3 2 3 5 
4 4 8 4 
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TABLE AII Summary of data obtained by strength measurement techniques (biaxial tension) 

Parameter Ultraqow Pyroceram Cervit 9 tam A12 O~ 
expansion glass-ceramic 126 
glass (C9606) glass-ceramic 
(C7971) 

18tam A1203 

In 60 0 0 0 0 0 
n 26.9 46.3 32.9 33.8 34.5 
In efo 18.238 18.440 17.954 18.916 18.668 
lnSi 19.254 19.092 18.657 19.757 19.508 
vat ((lnSi)) 1.037 X 10 -3 2.527 • -4 1.4157 X 10 -4 2.1525• 10 -4 2.769 X 10 -4 
var (ln afo) 40.96 X 10 -4 16.81 X 10 -4 8.410 X 10 -4 4.41 X 10-* 24.01 • 10 -4 

vat (n) 12.96 40.96 5.29 2.89 16.81 
(ln 6) 13.5144 13.9639 13.6877 14.7594 14.5527 

Degrees of freedom 
in Si 29 14 7 8 
Stressing-rate data 3 3 3 3 

where N represents the total  n u m b e r  of  determi- 
nat ions made for n and In ~)o on each material ,  

(in K I c / K o )  is the mean value o f l n ( K x c / K o )  , and 
var ((ln K ic ) )  is the variance of  the mean  value of  

in KIc .  
For  the strength data, the variance of  In (ta2a) 

can be expressed directly in terms of  stressing-rate 

parameters.  The fracture stress, of, of  a set of  

laboratory specimens, measured as a func t ion  of  

the stressing-rate, 6, is normal ly  represented by  
the following empirical equat ion:  

in of = in afo + M l n  (6 /bo) ,  (A5) 

where in Ofo and M are constants  de termined by  a 
linear regression analysis o f  the stressing-rate data, 

and ao is an arbitrary normal iza t ion cons tant  for 
the stressing-rate. By comparing Equat ion  A5 with 

Equa t ion  6 it can be shown that :  

M = l l(n + 1 )  (A6) 

in B = (n + 1) In Ofo - -  (n - -  2) (ln Si) 

- - I n  (n + 1 ) - - l n  60; (A7) 

where (ln Si)  is the mean  value of  the strength of  
a set o f  laboratory specimens measured in an inert  
envi ronment .  F rom Equat ion  7 and Equa t ion  A7 
it follows that:  

in (tO2a) = (n + 1) In afo - -  (n - -  2) ( ln Si) 

- -  in (n + 1) - -  In 6o + (n - -  2) in (S/%). (AS)  

Consequent ly ,  the variance of  In (taZa) is given by:  

vat (ln ta2a) = [In afo - -  (ln Si)  --  (n + 1) -1 

+ In (S /%)]  2 var (n) + 2 [ln afo - -  (ln S i) 

- - ( n  + 1) -1 + In (S/oa)] (n + 1) cov(n ,  in afo) 

+ (n + 1) 2 var (ln afo) + (n - -  2) 2 var ((in Si)). 

(A9) 

T A B L E A I I I Summary of data obtained by strength measurement techniques (four-point bending) 

Parameter Ultra-low Pyroceram 9 #m AI 2 03 18 tam A I 203 
expansion glass-ceramic 
glass (C9606) 
(C7971) 

In 6o 0 0 0 0 
n 33.3 62.5 49.3 39.2 
In afo 17.469 18.893 19.130 18.678 
in S i 18.299 19.322 19.676 19.452 
var ((lnSi)) 2.44 X 10 -3 1.73 X 10 -4 2.8 X 10 -4 3.26 X 10 -4 

vat (In af0) 4 • 10 -4 24 • 10 -4 42.3 • 10 -4 0.64 X 10 -4 

vat (n) 3.24 184.96 136.89 0.81 
(In 6) 12.425 14.320 13.612 14.023 

Degrees of freedom 
lnSi 11 9 9 9 
Stressing-rate data 3 5 3 3 
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Following the procedure outlined in [38] it  can 

be shown that  

coy (n, In O'~o) 

= [(ln 6 ) - -  In 60] [1/(n + 1)] 2 var (n), (A10) 

where var ( n ) =  M -4 var (M). Although Equation 
A9 appears to be formidable,  its application is 

straightforward once the appropriate experimental  
parameters have been obtained. I t  is worth  noting 
that  var (In tO2a) calculated from either Equation 
A1 or Equation A9 depends on the value selected 
for the variable S/aa.  Consequently, the confidence 
limits for In taa 2 will also depend on this variable. 
Finally,  i f  a a is known without  any error then 
var (ln t) = var (ln to2a). 

Once the number of degrees of freedom have 
been determined for each set of  experiments,  
confidence limits for In to~ can be determined. 
The number of  degrees of  freedom, r were 
est imated using the expression developed by 
Welsh [39]: 

[var (ln ta~)] 2/r  = ~. [vat (i)] 2/0  i, ( a l  1) 
! 

where var (i) is that part of  var (In to~) due to 

variable i, and r is the number of  degrees of  
freedom used to determine vat (i). 

As an example of  the application of  Equation 
A l l ,  consider the fracture mechanics data in 
which one set of  measurements were used to 
calculate (ln K~c), and a second set were used to 
determine (n) and (in v0). I f  var ( ( inKic})  was 
determined on p specimens, the number of  degrees 
o f  freedom for vat ((In Kic))  is p - -  1. I f  q crack 
propagation studies were conducted,  then the 
number of  degrees of  freedom for var ((n)) and var 
(Onvo)) is q - -  2. The total  number of  degrees of  

freedom, r are then calculated from 

[var (to~)] 2/ r  

= [(n - -  2) 2 var ((ln Kin))]  2/(p _ 1) 

+ [vat (n, In Vo)] 2/(q _ 2) (A12) 

where var (n, In vo) = vat (in tOa 2) - -  (n - -  2) 2 var 
((in Kic)) .  A similar t reatment  is used to determine 
r from stressing-rate experiments.  The expression 
for r determined by  this method will be a function 
o f  the variable S/oa.  

For  a given value of  S/oa,  the confidence limits 
are determined using the expression + t  a [var 
(In taa2)] 1/2. The value o f  ta is determined from a 
Student  t-table using the estimate o f  the number 

of  degrees of  freedom calculated from Equation 

A1 I.  In the present s tudy,  95 % confidence limits 
were calculated for all experimental  data. 
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